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Abstract 

The solutions of the sIn Knizhnik-Zamolodchikov(KZ) equations at level are studied. We 
present the integral formula which is obtained as a quasi-classical limit of the integral formula for 
form factors of the SU(N) invariant Thirring model due to F. Smirnov. A proof is given that those 
integrals satisfy sIn KZ equation of level 0. The relation of the integral formulae with the chiral 
Szego kernel is clarified. As a consequence the integral formula with the special choice of cycles is 
rewritten in terms of the Riemann theta functions associated with the Zn curve. This formula gives 
a generalization of Smirnov's formula for sh- 

Introduction 

In E3 F. Smirnov derived a curious theta formula for the solution of the SI2 Knizhnik-Zamolodchikov 
(KZ) equation at level 0. The aim of this paper is to generalize Smirnov's results to the case of sIn- 
Before giving a more detail of our results let us summarize the reason why we are interested in the level 
case of the KZ equation. 

The KZ equation was introduced in S as one of the fundamental equations characterizing the corre- 
lation functions of the Wess-Zumino-Witten (WZW) model in conformal field theory. For the affrne Lie 
algebra Q and its highest weight representations V\ , ■ ■ ■ , V m the KZ equation has the form 



where F is a Vi <8> •• • <8> V m valued function in Ai, • • • , A m , fiy is the invariant tensor, with respect to the 
symmetric invariant bilinear form of G, acting on i-the and j-th tensor components, g is the dual Coxeter 
number of Q and A: is a parameter. The number k is called level. In the WZW models levels are positive 
integers which coinside with those of the integrable highest weight representation of Q. 

The KZ equation acquires a new life from the study of the two dimensional integrable massive quantum 
field theories (IMQFT) and solvable lattice models (SLM). F. Smirnov formulated an axiom of locality for 



form factors and, for several models, obtained integral formulas of form factors |L3]. In 12 the rational 
q deformed KZ (qKZ) equation was found as a consequence of the axiom. Hence the moment the qKZ 
equation is invented the integral formula for the solution is constructed. It is important to note that the 
qKZ equation appeared in this context is of level 0. 

Around the same time I. Frenkel and N. Reshetikhin developped a general theory of vertex operators 
for quantum affine algebras |jj . They derived a qKZ equation of general level as the equation satisfied by 
the highest-highest matrix element of the vertex operators. This theory was successfully applied to the 
study of SLMs 0]. Although, in this application to SLM, the building blocks are the vertex operators of 
positive integer levels, the form factors and the corelation functions are shown to satisfy the level and 
level —2 x (dual Coxeter number) qKZ equation respectively Thus the level qKZ equation and 

their degenerations are of special importance in the context of IMQFT and SLM. 
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In order to understand the nature of form factors F. Smirnov studied the quasi-classical limit p2| |14[. 
He noticed that the period integral of the hyperelliptic curve s 2 = f(z) = Ylj=i( z ~ ^j) appears as the 
limit of the integral formula for the form factors of SU(2) invariant Thirring model. Then in [jl4| he 
rewrites them in terms of Riemann theta functions as 

/d, — ,e a «,(^lj ' " J ^2n) 

= C A (det A)- 3 A- 3 / 4 0[e A ](O) 4 det (ftfy log^O))^. .< g , (1) 

where A = (ei, • • • , £2n) is the sequence of ±, the number of + being equal to the number of — , (\ a certain 
fourth root of unity, e\ a nonsingular even half period corresponding to the partition {1, 2, • • • , 2n} = 
{j\ £ j = +} u {j\ e j = -}> A = ]li<j(^ - ^j)> & = 9/dZi, g = n - 1 the genus of the curve, {Ai,Bj} a 
canonical homology basis and A = (J A zi~ 1 dz/ s)i<ij< n . The function F = f eir ,. <e2n v ei (E> • ■ ■ <S> v t2n 
gives a solution to the KZ equation taking the value in V® 2n with V = Cv + © Cv _ being the vector 
representation of sfe- 

Since the theta function of an algebraic curve is the tau function, modulo some factor, of a soliton 
equation, this result suggests an intimate relation of the level KZ equation with the soliton equations. 
In spite of Smirnov's effort on this problem jl6| this relation is not yet clearly understood. 

Integral formulas are known for the solutions of the KZ equation with an arbitrary level associated 
with any Kac Moody Lie algebra jl0| |ll[] . In || it is shown that those general integral formula has the 
exact forms as their integrands in the case of s?2, level and singlet solutions. Taking this fact into 
consideration is crucial to give a complete correspondence between general formulae at level and the 
Smirnov type formulae in A completely analogous structure exists in the case of s?2 rational qKZ 
equation |§). Thus Smirnov type formula is related with a subtle structure of level 0. In the sIn case to 
find a similar structure to the sfo case in the formulae in || |hJ is not yet succeeded. 

One strategy to understand Smirnov type solutions more clearly will be to generalize it. This is the 
reason why we are interested in the generalization of the Smirnov's results to the other types of Lie 
algebras than s?2 ■ 

Now let us describe our results. In |l3j the integral formula for form factors of the SU(N) invariant 
Thirring model is obtained. It is a solution to the sIn rational qKZ equation of level zero. We take the 
quasi-classical limit of this integral formula. It is expressed as the determinant of the period integrals of 
a Zn curve. A Zn curve is a natural generalization of a hyperelliptic curve ,which corresponds to N = 2. 
Roughly speaking the integral formula obtained in this manner should give a solution to the sIn KZ 
equation of level zero. From the mathematical point of view it is not very easy to prove rigorously that 
the asymptotics satisfies the KZ equation. On the other hand the formula for the quasi-classical limit is 
rather simple. Hence it is desirable and interesting to prove directly that it satisfies the KZ equation. 
We give a proof which is new even for the sl2 case. Compared with the proof in the generic level case 
[?] H fll| our proof looks more complicated. It will be related with the degenerate structure of Smirnov 
type solutions found in || . Since we have established a correct Smirnov type integral formula in the si n 
case it is an interesting problem to get them from the formulae in |@j j[o) in the spirit of || . 

We rewrite the integral formula in terms of theta functions on a Zjy curve. A priori this is not a trivial 
task at all. In fact the following major problems are not obvious from the formula and arguments in the 
SI2 case. The first one is what kind of rational periods parametrize the tensor components of the solution. 
The second one is whether we can expect the second order derivatives of the logarithm of theta functions 
or not in the sIn case. The first problem is resolved with the help of the Thomae formula for Z^r curves 
which was discovered by Bershadsky and Radul 0] . Namely the tensor component is parametrized by 
certain non-singular 1/N or 1/2N periods introduced in jjj. The second problem is solved by finding 
a relation of the integrand of the integral formual with the Szego kernel. In fact the product of Szego 
kernels is related with the second order derivatives of the logarithm of theta functions by the formula due 
to Fay @. 

Now the present paper is organized in the following manner. In section 1 the integral formula is given. 
The theta formula is given in section 2. It is proved in section 3. In section 4 a proof is given that the 
integral formula satisfies the KZ equation and belongs to the trivial representation of sIn- A derivation 
of fundamental relations among differential forms used in section 4 is given in appendix. 
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1 Integral Formulas 



Let sIn be the simple Lie algebra of type Ajv-i, ( , ) the symmetric bilinear form on sIn given by 
(X, Y) — tr(XY), {Ij} a basis of sIn and {P} the dual basis with respect to ( , ). The invariant 
element 57 is given by 

3 

Let V be the N dimensional irreducible representation of sIm and m a positive integer. The Knizhnik- 
Zamolodchikov(KZ) equation with values in the Nm fold tensor product V® m of V is the differential 
equation for the V® Nm valued function F 
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where Sly means the action of f2 on the i-th and j-th components of V® , A: is a complex number called 
level. The explicit form of KZ equation in terms of the vector components is given in section 4. 

Let Vj = *(0, • • • , 1, • ■ • , 0) in C N , where 1 is on the j-th place. Then we have V = ^jL-^Cvj. We 
denote by A = (A 1; • • • , Ajy) the ordered partition of {1, 2, ■ • • , Nm} such that the number |Aj| of the 
elements of A$ is m for any i. To an ordered partition A we associate the weight zero vector v\ of y® Nm 

by 

v\ = v kl (g> ■ ■ ■ (g> v kNm , 

where 

i G Aj if and only if fc, = j . 

The set of {i>a} forms a base of the weight zero subspace of y® Nm . 

The operators Ylj-fj (A,; — Aj) _1 0.y in the right hand side of (^|) commute with the action of sIn- 
Thus it has a sense to consider the KZ equation for a function taking values in a fixed weight subspace of 
y® Nm . i n this paper we exclusively consider the solution F whose value is in the weight zero subspace 
of the tensor product V® Nm . Then we can define the component f\ of F by 

F = J2hvA, (3) 

A 

where the sum is over all ordered partition A. 

We denote by C the compact Riemann surface defined from the equation s N = f(z) = Y^Ziiz ~ AO- 
It is called a Zn curve |l], [J. The genus g of C is given by 2g = (N — l)(Nm — 2). For A r and p G A r set 

g^\z) =H (z Aj), g Ar (z) = JJ ( z - A i)» ffff (*) = IJ (* " A ^ 

j&A r jeA r jeA,.,j^ P 

and define the meromorphic differential form Hp(z) on C by 

A ( v g^p)gg(f) . 

^ (Z)= (z-A p ) S 
We set L = (JV — l)m — 1. Then we have 

Theorem 1 Let ■ • • ,Pl} is aw arbitrary subset of {1, 2, • • • , A^m}. Define 

t(\ \ \ det(/ /x^.)!^,,-^, 

II, A,A, ; A( Pl ,---, PL ) 

where (AfAj) = lXeA^eA, ( A >- _ A «); A(pi, ' ' ' 'Pi) = det (Ap~*)i<ij<£ and A = n« 3 -( A » ~ Aj). Then 
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(0) The right hand side of (Qj does not depend on the choice of {pi, • • • ,pl}- 

(1) The function F given by (Q^ and (^) is a solution to the sIn KZ equation of level zero for arbitrary 

set of L cycles {71, • • • , 7^} on C . 

(2) For any X E sl N , XF = 0. 



The first statement of Theorem [j] follows from another expression for /a- Let us set 



N 



d g {Ak) (z) 



fe=i 



dz z L ~i +1 



where [ ]o denotes the polynomial part of a Laurent polynomial. It is obvious that d/ dz can be out side 
of the symbol [ ]q. 



Theorem 2 The function /a given by (Qj is also written 



as 



/(Ai, • • • , XntuJa 



det(/ #)i<m< 



(5) 



We shall give some comments on the integral formula given here. In J13[ F. Smirnov derived the 
integral formula of form factors of SU (N) invariant Thirring model which satisfy the deformed Knizhnik- 
Zamolodchikov(dKZ) equation on level zero. Scaling the rapidity variables (3j as (3j = Xj/h and taking 
the quasi-classical limit h — ► 0, we obtain the integral formula in Theorem |^ with some special choice of 
cycles {7i}- 



2 Theta Formula 

We shall give another expression for the solution F given in Theorem [|. To give a precise statement we 
prepare necessary notations associated with the Zn curve C . The A^-cyclic automorphism tfi of C is 
defined by <f> : (z, s) 1— > (z, los), where u> is the iV-th primitive root of unity. There are Nm branch points 
Qii ■ " j Qntu whose projection to z coordinate are Ai, • • • , \Nm- The basis of holomorphic 1-forms on C 
is given by 

( a) = z^dz 1<a<N _ 1 i< /3 < am - 1. 

We fix a canonical homology basis {cii,(3j} whose intesection numbers are on ■ oij — Pi ■ f3j = 0, 
cti • Pj — 5ij. Let A be a Riemann divisor for this choice of canonical basis. Let us define the divisor 
class D by D = NQi which is independent of the choice of i. To each ordered partition A we associate 
the divisor class e\ by 

e A = Ai + 2A 2 + • • • + (N - 1)Ajv-i — D — A, 
where for a subset S of {1, 2, • • • , Nm} we set 

ies 

The divisor class eA is a 1/N period for N even and is a 1/2N period for N odd. We consider the index 
of Aj by modulo N. In particular Aq = A^r. 
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Let {vj(x)} be the basis of the normalized abelian differentials of the first kind whose normalization 



is 



v k (x) = 2niSjk. 

set Tjk — / Vk(x). Then the period matrix r = (rjfc) is symmetric and its real part is negative 

definite. The Jacobian variety J(C) of C is described as J(C) = C 9 /27riZ 9 + Z 9 r. For any elememt 
e £ C 9 , there exist unique elememts S,e £ R 9 such that 



We 



= 2nie + Jr. 



We call S, e the characteristics of e. The Riemann theta function with characteristics 8, e is defined by 



(z) = ^2 exp f-(m + (5)r(m + (5)* + (z + 27rie)(m + <5) f 



m£Zs 



It satisfies the equation 



<5 + m 
e + n 



(z) = exp(27rind 



(*), 



(6) 



for m,n £ Z 9 . For an ordered partition A let us take a representative e\ £ C 9 of e\ and let e\ 
Then the logarithmic derivatives 



d a log e 



are independent of the choice of the representative eA by (0), where a = (ai, • • • , a 9 ), |a| = £*! + •■ 
<9 Q = 9" 1 ■■■dg !> and <9j = d/dzj. Hence we use the notation d a \ogO\e^\{z) for those logarithmic 
derivatives for the sake of simplicity. 

Let us define the connection matrix between {ioi } and {vj(x)} by 

a, 

With the aid of this matrix we define the vector field on J(C) by 



3=1 



Now we can state the theta formula. 



Theorem 3 For any subset {i\ < ■ ■ ■ < ii,} of {1, 2, • • • , g} we take the cycles {"Jj} as jj = . Then 
the corresponding solution of the KZ equation in Theorem [1| is given by 



/(Ai, • • • , AjVmM — c 



det (d lj D k \o g 9[e A }(0)) 1 



<j,k<L' 



where c is the overall constant independent of Xi 's and A. 



Using the Thomae formula for Z^r curves one can rewrite the Y[i<j(^i-^-j) m terms of theta constants. 
The result is 
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Theorem 4 For the same choice of cycles as in Theorem we have 

f(Xi, X Nm )A = C(\)(a I] 0[eA-](O)* det (d^ 0^6^(0))^^, 

where £a is some N(N + 1)1 /3-th root of unity, C(\), which is independent of the partition A, is given by 

Q Q JV 1 I JV— 1 

C(A) = c(det A" 3 — +- 



iJere c is a constant independent of \i 's and A = det( / iul a ). For an elememt a of the symmetric 

J Ai 

group Sn-i of degree N — 1 we define 



A CT — (Ao, A cr ( 1 ), • • • , A cr ( A r_i)). 

Remark. If JV = 2, then L = m — 1 = g and (oVim) = A^ 1 , where g is the genus of the hyperelliptic 
curve C. In particular (ii, — , ix,) = (1, • • • , g). From the matrix relation 

(a^ fe log0[e A ](O)) = (S^log^eAKO))^ 1 

we have 

/a = c'C A (det A)- 3 A^ 3 / 4 0[ eA ](O) 4 det (d^ log 0^(0))^..^ 
which is nothing but the Smirnov's formula (|l|) for s?2- 

3 Proof of the Theta Formula 

Let C be the universal covering space of C. We identify a holomorphic one forms on C with those on C 
which are invariant under the action of the fundamental group of C . We set v — (vi, ■ ■ ■ , v g ), the vector 
of the normalized differentials of the first kind. Recall that the chiral Szego kernel defined by e\ is 

6[e A ]{0)E{x,y) 



where 



y-x= I v, 



the integral being taken in C and E(x, y) is the prime form |Q. We remark that, as to the e A dependence, 
R(x,y\e A ) depends only on the divisor class of e A . 

Let u>(x, y) be the canonical symmetric differential, that is, u>(x,y) is the section of the canonical 
bundle of C x C, symmetric in x and y, has a double pole at x = y, has the vanishing A period in each of 
the variables and has some normalization (for more precise definition see Qj). Theorem || is a corollary 
of the following proposition. 

Proposition 1 For 1 < p < Nm we have 

g L 

l4 = JV/'(A p )^(x, Q p ) + N 2 J2J2 X P~ lD ? d > Iog0[eA](O)«i(a;). 

i=l /3=1 



(i 



As in 0| the value of a (half) differential form at the branch point Q p is defined as the coefficient of dt 
(or y/dt in the half differential case) in the expansion of the form in the local coordinate t = (z — Xp) 1 ^ . 
Assuming this proposition let us first prove Theorem |^. 

Proof of Theorem ||: 

Since the integral of u>(x, Q p ) along the cycle Aj_ is zero for any i, we have 



JAi 0=1 



0=1 

where we use the normalization condition of {vj}. Thus we have 



det 

3 

= N 2L det (a i .^log^[e A ](0)) 1£ .^ i det (X^iKk.iKL 

= (-l)^N 2L det (a ii ^log^[e A ](0)) 1 <.^ i det {\^ k )i< K i<L 

= (-1)^^ det {d^DplogO^W))^ /3 < i A( Pl , • • • , PL ). 

Substituting this equation into (Q) we obtain the formula of Theorem ||. n 
In order to prove Proposition |l| we first prove 

Proposition 2 For 1 < p < Nm we have 

A N — l 

Mp = Nf(X p ) — R{x, Q p \e A )R(x, Q p \ - e A ). (7) 

For the proof of this proposition let us recall the following notation^ |lj: 

, N- 1 N- 1 N—l. 

£ = { — s— , s— + !,•••,— s— }, 



1 - N fl + i+ ^ i 



jV-1 



where Z S £ + Z, i £ Z and {a} — a ~ [a] is the fractional part of a £ Q. 
In Q we have proved 

Proposition 3 For an ordered partition A we have 

= N Z (y) - Z( X ) (8) 

Nm 

/±i(a: > A ± ) = n^-^'^V^M, 
where A - = (Ao, Atv_i, • • • , Ai), A + = A and ki — j is determined by i £ Aj. 

By Proposition 4 in 0, for I = - (N - l)/2 + j with j £ Z, we have 

N 

div/ ; (x,A±) = A±i Ti + 2A ±2Ti + ..- + (iV-l)A T i Ti -5^ooW. (9) 



fc=i 



7 



where {oo^-*} are N infinity points. The index k of Afc is considered by modulo N. The A T j is missing 
in the right hand side of @. Let p € A r , < r < N - 1. We set y = Q p in (§). By @ only the term 
—I = —(N — l)/2 + r in the sum of the right hand side of (||) is alive. Hence we have 

. . 1 /-^ +r -(a;,A)/_iv-i +r (Q p ,A-) 
R{x,Q p \e A ) = — , 

where r~ = 2V — 1 — r. Similarly 

i?(x,Q p -e A ) = R(x,Q p \e A -) = — 2 - — ^ . 

Therefore 

R(x, Q p \e A )R(x, Q p \ - e A ) = 

— ( (f-Hji+r- ( x > Vf-^ + r-i( x > A-)/_ «_i +r (g p , A-)/_^ li+JV _ r (Q p , A)) (10) 



Let us calculate the right hand side of (10). 
Lemma 1 The following equations hold: 

f^ +r (Q P ,A-)f^ +N - r (Q P ,A) = N Q^ , (11) 

9 Ar K x p) 

f^K=± +r - {x, A)f_N- 1+r _ 1 (x, A - ) = ^-^dz. (12) 
Proof. Let i = (z — Ap) 1 /^ be the local coordinate around Q p . Then 

Nm 

/_-i +r (x,A-) = v^ilCAp-A,)'-^ M ^(l + Of)), 

fftn 

/_^ +JV _ r (a!,A) = VNlliXp-Xjf- 1 ^ +^ i} Vdt(l + 0(t N )), 

where we use the relation —qi(i) — q~i(N — i) Rj- Therefore we need to calculate the number 

q-i^i +r {N - kj) + q_N^ 1+N _ r (k j ). 

By a direct calculation we have 

-1 + if i = r mod AT 
if i ^ r mod AT. 

Hence 



q^ +r {N-i)+q_E=± +N _ r (i) = \ JL ' 



f-K=± +r (Q P , A )f_N=± +N _ r (Q P , A) 
= AT (A P - A,) 1 /" J] (Ap-A,)-^ 
i^A r jeA r \M 
AT/'(Ar) 1/JV 



rijeA r \{f>}(Ap - Aj) 
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Similarly, using 

„ „ . W±« „ . ( AT _ ,'\ — / 1 7 N 

if i r mod TV 



, 1-A if i = r mod A^ 

g_J£=i+ r -W+9-i£ f l+r-i(JV-*) = ^ 



we have 

f-N=± +r -{x, A)f_N^ 1+r _ 1 (x, A") = 

Thus the lemma is proved. □ 



rw>-A,) 



Multiplying ( |l l| ) and (12) and substituting it into (10) we obtain the equation (|7|). □ 



Recall the Fay's formula (Q, Corollary 2.12, see also [0 section 4) : 

R(x,y\e A )R(x,y\-e A )=u;(x,y)+f2 ^q^q^ '(»)■ (13) 

By calculation we have 

= 777T E ^(iV-i^A^- 1 . (14) 

/ ( A p) ,9=1 

Substituting ( |l4|) into (|l3| ) and using Proposition || we have the equation in Proposition [l]. □ 
In order to prove Theorem [| let us recall the Thomae formula for Z^r curves (l) : 

0[e A ](O) 2Ar = C A (det A) w JJ(A i A 3 -) 2JV,(ij ' )+JVM , 

where Ca is a constant independent of 's and 

(AT — 1)(2JV — 1) 



(AiAj)= J] ( A »-- A «) for *^i, 

r6Aj,seA 3 - 

(A;A;) = J] ( A --^)- ( 15 ) 

The number g(j, j) depends only on \i — j\ [Q. In particular q(0, 0) = i), q(i,j) — q(j, i) for any i and 
j. We define the action of the symmetric group Sn of degree AT on the set of ordered partitions by 

A CT = (A CT ( ), • • • , A CT ( W _!)), a £ Sn- 

The subgroup Sjv-i acts on the index 1,2, • • • , JV — 1 as we already defined. 

Proposition 4 For an ordered partition A we have 

n— 6 nN — 1 12jV 

(AjAj-) = CC A (det A) — A 3 — 6»[e A .](0)"(^W, 

i<i 

where £ A is some N(N + l)!/3-i/i roof o/ unity and C is a constant independent of A.; 's and A. 
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Let us prove Proposition ^. By taking the product of theta function with the characteristics e A <r for 
all a 6 Sn we have 

J] 0[eA«}(0)™ = ( ]J C A ,)(detAr N J] n^O^tf))^^" 

<t€:Sn CT^Sn (T(zSn i<j 



±( n ^^(det^^A^n^)^^" 9 "^" "- 



Set 7 = g(0, 0) and 



F := 



n(A i A J ) 2ArE -^ g(aw ' CT ° )) 



i=0 i<j 



Since, for % ^ j, 



we have 



J2 q(<T(i),v(j)) =2- (N- 2)1 J2<l(r,s), 



AT-1 



f = n (AiAj) N '-' 2Ni n(A 4 A,) 4jv - (A, " 2)! ^ q(u3) . 



i—0 i<j 

Using q(i,j) = q(i + 1, j + 1) and Lemma 10 in M we have 



. . N 2 - 1 - 1 

2^(M) = 7= ^2AT- 



Thus 

f = a — s IJ(A,A 



(JV + 1)I(W-1) -| r , , _ (« + !)!« 

t<3 



From this we obtain 



J] #[e A .](0) 2A, =±( J] C A .)(detA) Arw A^^n(A l A j r^^- 

Recall that the ordered partitions which are obtained from A by the cyclic permutation of indices corre- 
spond to linear equivalent divisor e A §. Therefore 

t— r o ?vr2 , "i — r A 7 ^ An at- NIN(N-X) ~w—r (N + 1)\N 

n ^^i(o) 2Ar =±( n ^)(det^ ww A^^n( A ^)"^^- 

Since does not depend on C A , we have the equation in Proposition 0. □ 



In this section we shall give a proof of Theorem [j] and Theorem | 
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3.1 Proof of Theorem 2 

Theorem || follows from the following proposition. 
Proposition 5 For any p 

L 



3 = 1 



JV-1 



The proof of this proposition is totally similar to the case of sl2 H] . For the sake of making the paper 
selfcontained we give a proof. 

Proof. Let p e A r . It is sufficient to prove the following equation, the coefficient of dz/ s : 



d g (Ak) (z) 



dz Z L ~3 +1 



L N 
3=1 k=l 

5 (Ar) (A P )ff ( ( A ) r) (^) Nf(z) (N-l)f'(z) 



Z — Xr, 



Z - A„ 



(16) 



Since both hand sides are rational functions in z, it is sufficient to prove (16) for \z\ sufficiently large. 

Let t be a complex parameter. More generally we calculate the right hand side of (|l6|) replaced A p by 
t. We have 



^ Idz Z L -J'+! 
3 = 1 



d 

dz 



oo 

[j^itz-yz-'g^Hz] 



3=0 



d \g^{z) 



dz 



\ 9^ k \z 
I z-t 



d 5 ( A *)(z) - g {Ak) {t) 



dz 



z-t 



Thus 



L N 
3=1 k=l 



d g {Kk \z) 



dz z L -i +1 



Nf(z) , (N-l)f(z) 



In this calculation we use 



{z-tf 



N 



Z-t 



N 

E 

k=l 



9h h 



(z)g(^(t) 



(17) 



Y,9A k (z) T 9 {Ak) (z) = (N-l)f(z). 

k=l Z 

If we set t — A p , p e A r in (|l7|), then we get the right hand side of (|l6|). □ 



3.2 Some Notations 

For an ordered partition A let us denote by A™' the ordered partition which is obtained from A by 
exchanging i and j. For example if Aj = {(i — l)m +!,••• , im}, 1 < i < N, then A^ 12 ) = A (assuming 



\ o\ a (lm+1) 
m > 2), A\ 



{m+ 1,2,- • - ,m}, A!, 



(lm+l) 



{l,m + 2, • • -,2m}, A 



(lm+l) 



At for k > 3. 



In terms of the components /a, if p G Aj, the KZ equation of level zero is 



N °k = ((i-i.) y 1 -ly- 



3iK 



3iK Xp - Aj 



I Km) ■ 
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If we define the function /a by 



the KZ equation above is equivalent to 



f A = A-^/a, 



dh _ l A 1 1 i na\ 

dX p --NL t a— A" X—\- f ^- (18) 



For a nonnegative integer r and a subset {pi, • • • ,p r } C {!,•••, Nm} , set 



A A 



= det ( i£ (z 



Pi Pr ) V Pl "J l<i,j<r 

Then Theorem |l| is equivalent to the following proposition. 
Proposition 6 Let 

_ A( Pu ---, PL )- 1 {A A\ 

/a ~iwa^U ■•• pj- (19) 

Then, modulo exact forms, f\ satisfies the equation J7^ ) and AT /a = for any X € sZat. 
Our aim is to prove this proposition. Let us set 

Ar = {*!,•••, O forl<r<7V. 

For the sake of simple exposition we shall prove the equation ( |l8| ) for p — i^ n . Other cases are similarly 
proved. 

In the following sections we use the usual equality symbol = for the equality modulo exact forms. We 
remark that all the modulo exact relations, which we use, follow from the relation in Proposition |^. 

3.3 Fundamental Relations 

Now let us give all the relations which we need for our purpose. For the sake of simplicity, in the formulas 
below, we denote Ai by i. For instance % — j — \ — Xj. We set JC — {i\\r < N, (r, I) ^ (N — 1, m)} and 

A kuc-v 



m - 1 (AN _ AN 



For p 7^ and 1 < j < Nm we also set 



nm—L i ■ 



P^ = AC'pO 



for the sake of simplicity. Now the relations are given as follows. 
1. For p <E Ar, r ^ N 



d\, \ P J v N J i%-p\pJ Ni%-p H 
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2. For I ^ I', (r,l),(r,l')^(N,m), 



"ft 



3. For I ^ V, 



an 



-i 



rn— 1 
jN-l E 

' %m fe=l 



•fe 



A 

■JV-1 



,-jv-i 

'm 

■JV-1 



(21) 



■JV-1 



•JV-1 _ -A 



4. For r =/= N, 



{i N-l_ i N-l m _ l 



■N-l\ 



(i 



■N — 1 ;N—l\ ( -N 

— > ■ 'I V — 



TV = 



where we set 



5. For (r,Z) ^ (iV,m), 



)('m *TO ) 



n 



•AT-1 



,-JV-l _ ;N-l\uN 
L m IV'm 



^- i -<r l )(« 



,-JV- 



- j 



.•JV— 1 



-JV-1 



n 



F ■ ■ 

^ 11 — 7 

m— 1 

+ E 



Z^ 1 - 7 



A 

•JV-1 I + 



B(r,l,A) 



= 1 



T m /.JV-1 _ 
l\ l k 



- E 



6 J 



n 



k-j 



k 



n 



:JV-1 



;JV-1 
'm 

•JV-1 



H - 
i N 



;JY 



,-jv-i 

'm 

■N-l 



(22) 



(23) 



(24) 



The proofs of these relations are given in appendix. 



3.4 Equation for /a 

Let us take (pi, • ■ • ,Pl) = 1 • • j *m-i) m * ne expression of /a. By differentiating the defining equation 



tj in A^w we have 



oh _ \- -i * , a^,---,^:!)- 1 a /a a » 

2^ 7jv37/a+ n , A .x Li ••• ?: jv-i • 1^5) 



Substituting ( p0| ) into ( p5| ) we have 
n t< „(A t A u ) S/ A 



9A « .Tf.jm-J Ut<u( A tA u ) d\iN\ii v m _ x 



AiV 1 ••• i^- 11 !-! V iJV _ ,'JV-i at jjv _ a 



1 1^1 

_ ,-Jv-i ~~ aF TjvT 



A? E -n— 7 II 7^Z7 ( t ■■■ ik " ' ) • (26) 



Using (E3L) in the second term of (Eq) we obtain 





A 




)(*■■ 


■JV-1 J 






4 m-l/ 




•i M 




A 


-iU ^ 


" i N " 








'm- 
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(-N) 



n t < u (A t A u ) dh 



" —to + 3 

N N -l 
- l m trn 

JV-2 m 

^EE 



■N-l 



m — 1 



1=1 rn 



JV-2 m 



„-JV- 



- + E E' 



r=l 1=1 
;N 



= lti^ 



N 



V 2 



n^(*r-ii) 



A 



A 

,-JV-l 



E 



A 



. 1 • 


m 


-1 


(i m — — 


,-JV-U 5 

!m J fe= 


-/ ,-JV 


1 A i N - x 


A 1 


A 




" ' AT 
°m 1 


'ra-1 



n 



J) 



■JV-1 



n, 



/ -JV-1 



■3) 



B(r,l,k) x 



(27) 



^ JV_1 \ /A N 
where in the second term ( is on the i-th position counted from [ r ) ■ In the derivation of 



(p7|) we have used 



k 



\ ~> \ ~> V ll s =l \ l l l s ) 

Z^i Z^i UN _ AT)2 aN ,-JV-l rT m f«T - i r ) 

_ at-2 y y A r iL=i w - » s ) 

,-jv ,-JV-i c,-jv _ ,-f\2 rr m , f?T - ? r ) 

i m — i m r=1 i=1 I'm J ;J lls^M'i 'sj 



which follows from 



and 



,-JV-l 



f,-JV at\(aN aN- 1 ) j N — jT ;N ,-JV-l 
IV ~~ l l)\ l m ~ l m ) 'ra l i V - *m 



; ^(^-iDn^(*T-o nr=i(^-^) r ' 1 j 

The equation ( p8| ) follows from the residue theorem for the function 

^-®nr=i(^-^)' 

This is the typical argument to prove an identity in the proof below. 
3.5 KZ Equation 

We shall rewrite the KZ equation in a similar manner to (Ejj). We take (pi, . . . = ■ ■ ■ , i^l}) in 
the expression ( |l9| ) for / A (ji«) for any j ^ A at. Then the KZ equation substituted by (19) is 



n t <„(A t A u ) 0/ A = _ 1_ v 1 /-A A 

Ad 1 ... i^ -1 '!-! (9A-n N 2-/ i N — i 

A ^i> >V-iJ j&A N m J 



1 ' ' ' ,-JV-i 

1 'm-1 
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Note the relations 



rL< u ( A *A 



. 1 , 



,-JV 



Thus we have 

n t <JA t A u ) ah 



' m — 1 / 



1 y — 

^ iV— 1 m 

EE 



A 



A 

■JV-l 



JV\ 



N—l m 

By the equation (124), if r 7^ N and i[ 7^ i*" 1 , we have 



1 

-•JV 



I 



n 



n 

■N-l 



n 



'm J 



■I 



;N 



■N-l 
l m-l 



Using the relation (23) we have, for r < N — 2, 



A I if i\ 

:1 \ at aN 



n 



E 

rn— 1 

+e n 



■N 



3 {A 



A 

■N-l 



J 



.]_••• 



A 

it 



■JV-l 



: B(r,l,k) 



k=l 



and, for 7^ m, 



A 



n 

m—1 

e n 



•JV-l 
,-JV-l 



JV-l 'ft 



,-JV-l 



A 



A 




JV-l 1 




m—1 / 




,-JV-l 
'm 







A 

•JV-l 
'ra-l 



;N 



;JV 



an 



•JV-l 
■JV-l 



,-JV-l\ 



■JV-l 



JV-l "i 



.4 



jV-1 



nr^r 1 



.JV-l'/c 



.•JV-l 



-if) 

■JV-l 
•JV-l 



A 



•JV-l 

H 

■N-l 



A 

•JV-l 



,-JV-l 
•JV-l 



•JV-l 
■JV-l 



k — 1 jeic,j^i' k 

If we substitute @, @ and (g) into ([H]) we have 



(-iV) 



n t<u (A t A„) 9/a 



A(iJ, 



N 



IjN _ 
N-2 



■N-l\2 
m ) s=l 



n 



■JV-l 



;jY 



E 

J0Ajv 

A 



;JV 



JV-l 



•JV-l 







A 


l( 




• -JV-l 




A ■ 


'ro-l 


i N 


-1 


aN-V 


1 in 






i N 


-1 • 


' ,-JV-i 


H 




°m— 1, 



EE 7 

r=l Z 
m — 1 

E 



=1 



. 1 , 



n 



{-^-j) [A 



,N AT" / j AN _ AT 



n 



•JV-l 



A 



•JV-l 
■JV-l 



A 

■N-l 



j) 

•JV-l 



•JV- 



A 
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•JV-l :t 

'm '/ 

•JV-1 " ' AT 



A 

•JV-l 



(35) 



where as in the previous case [ ^] etc. are all on the Z-th place counted from ( % '} r ) etc. For the economy 
of space we set 



Q(r,l,A,k) = 
Cl(r,l,N-l,k) = 



where the positions of ( . r I and 

■ l '~J Vk 



The forms 



A 



A 


i\ 


A 






"il" 


A 


*F 


,-JV-l 



A 

■N-l 
l m-l 

A 

l m-l 



are as above. If r = N — 1 then zj„ should be replaced by 



1)'"> .'JV-l 



A 



:N-1 

'm 

•JV-l I ) • " : 



,-JV-l 
'm 

■JV-l 



are linearly independent in the cohomology group H l {C, C). Since we do not use this fact in this paper, 
we do not give a proof of it. But the fact helps to understand the strategy of the proof below. The right 
hand side of ( p7f ) is written using thses forms only. We shall rewrite the right hand side of (|3^) in terms 
of these forms. 



3.6 Reduction of Expressions of Fundamental Determinants 

For 1 < r < JV — 1, I = {s\ < ■■■ < s p }, J = {ii < • • • < t q }, p + q = m(r < N - 1), p + q = m 
N — 1), we set 



lfr 



^-U-Ji(rjn(?:: 

\ 1 sei v s/ teJ v 



A 

•JV-l 



A 



A 



A i 



N-l 
m 
■N-l 



,-JV-l 
,-JV-l 



A 

•JV-l I j 



where ( .'f. | is on the (r — l)m + 1-th position counted from [ ^ 



• The coefficient of in f2(r, I, A, fc). 

We assume r < N — 1. Let us denote this coefficient by det}j. We set 

1 „„ 1 



and 



-41 



p r = 

,-JV-l _ ;r 



■N _ ;r 



Then (|l|) can be written as 



AN _ ,^-1 



n 



m — 1 



fc=i 



A 

,-JV-l 

■k 



■JV-l 
m 

•JV-l 



(36) 



16 



Using this equation we have 



det)j = 



Arl 



rl 



A rl ■ ■ ■ A rl 

ml mm— 1 



(iN^iN-l) n (tt 
l ™ Zm «e./ 11 

G\ 

G 



JV-l -JV-1 



Gr 
/+1 



Gf 



I fji ••• iTm-1 



Gr 
r, 



rpr 



The meaning of the determinant symbol of the matrix above is the following. The matrix consists 
of two matrices, say, the left matrix and the right matrix. We take J-th columns from the left matrix 
and J-th columns from the right matrix. Then form the determinant of the resulting matrix of degree 
|/| + | J\. We shall use similar notations from now on. 

Notice that, by definition, det}j = unless /cel. 

• The coefficient of Q}j in fi(r, I, N - 1, k). 

We assume r < N — 1. Let us denote this coefficient by detjj. Then, again by (|3G|), 



det 



( m 

\i* - 



1>™ It, 

G\ 



■N-l 



\J\-l 



n 

ue.J\{k} 



n 



N-l -N — l 



G 



G 



i+i 



Gr 



-i r s ) 






/.JV-l 
[tu -J 






^11 ' 


•• A 1 , ■■ 


r lm-l 





1 





1 Tprl 

1 ^ml ' 




mm — 1 



where 



• The coefficient of tiff 1 in fi(jV - 1, 1, A, Z). 
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This coefficient is denoted by detf j. Let us set, for s ^ I, 



c sa 


*m )(*m 


-C" 1 ) 


(*m — *»" )(*; 


-if- 1 ) 


D l 

^ SS 








-if" 1 ) 


Then, ( 


22|) is written as 





■AT 



<2l = 



(i 



Di, = -Cl 



■N-l 



n 



if" 1 - i 



■N-l 



: N-1 
'I 

;N-1 



= cl 



A 

:iV-l 



cl 



A 

•iV-l 



Dl 



■N-l 
m 

■N-l 



Dl 



;N-1 

'm 

■N-l 



(37) 



Using (R7h we have 



detfj 



^1-11-1 



c ii 



CL 



r' 



D 



D 



DL 



Dl 



The coefficient of ft 



N-l 

1.7 



in ft(N — l,l,N — l,fc). 



This coefficient is denoted by det 7J . Then 



CL 



D 



D 



D 



m-lm- 



In the right matrix 1 is in the (I, k) component. 



3.7 Comparison of Two Equations 

Now let us calculate the reduced expression of the right hand side of ( |35|) and compare it with (^7|) . We 
shall calculate the coefficient of ilj 7 by dividing the case into nine as 

(I) r = N-l,I = <f>, J={l,2,--.,m-l}, 

(II) r = N- 1, 1= {1,2,---,to- 1}, J = <t> or r < N- 1, J = {l,2,---,m}, J = <j>, 

(III) r = N - 1, I = {1, 2, • • • ,m - l}\{i}, J = {t}, 

(IV) r = N - 1, 7 = {1, 2, • • • ,m - 1}\{u}, J = {<}, u ^ *, 

(V) r < JV - 1, / = {1, 2, • • • , m - 1}\{«}, J = {t}, 

(VI) r = N-l,InJ=4>,\I\>l,\J\>2, 
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(VII) r = N - 1, \I n J\ = 1, | J\ > 2, 

(VIII) r = JV-1, |7n J| > 2, 

(IX) r < JV-1, |J| >2. 



(I): The coefficient of Of/ 1 with I — 4>, J = {1, 2, • • • , m — 1}. 

Let us calculate the contribution from the term which contains f2(JV — 1,1, N — l,k) (1 < I < m — 1). We 
have, for k ^ I, 

n i rn-l 

•iV-l _ -AT-1 ,-N „-iV-l, "i-l „-jV-l „-iV-l .-iV-1 



( lrn-h \ m ~ Z TT C ~ »s TT 

;iV-l _ -JV-1 \ -AT _ -N—l J 11 -JV-1 _ -N-l 11 ;JV-1 _ •' 

k m m m s^l l l ts j$KB-ui¥4%. 1 3 

im-1 n i 



For k = I, detjj — Yl s M ^ss- ^ we se ^ & — ' m the right hand side of 



ni i N - 1 _ aN-1 -• JV - 1 



-N-l _ -N-\ 11 -N-l _ ■' 

we have —1. Thus the formula for det/j given above is valid for all 1 < k, I < m — 1. The contribution 
to (H) is 

j-rm-l/.jV-l aN-1\ m-1 /.JV -iV-l\m-3 
_ a 1 h, = l Urn _ »s J IV _ l l I 



(AN _ ;lV-lta-2 ^ TT™ f?'^- 1 —4 N -^ 



m— 1 



fc=l 

By the residue theorem we have 



T-rm-l/.JV-l _ -A"v 



IETx 1 ^- 1 -^) i lir r-^ 1 «?) 



w .jv-i m-i n iv^-i _ 4N-1 



Thus, substituting the definition of B(JV — 1, Z, fc) to (J3q) 



(38) = aat-! 11 ^ 1 l - . s ' y 

y ' iv 1 (AN _ ,-JV-l\ m -l /-^ 



m f-N-1 ;N-l\ 
Ir - Is 



a m— 1 

A N -i -r-r I 



U2 II aN^-I -N-l' ( 39 ) 



(AN _ Aiv-L\2 ±± ,-JV-i _ • 

Here we again use the residue theorem to evaluate the summation in /. Hence the coefficient of f2 in the 
right hand side of ( |35| ) is zero. This is the case for j2T 

(II): The coefficient of fij^ = ••• .^_ x ) with r = JV-1 7 = {1, 2, m-1} and J = <f> or r < JV-1 
/ = {1, 2, m} and J = </>. 



19 



(II-I) The contribution to ( p5| ) from the term which contains fi(r, Z, A, k) (1 < I < m). 
We have 



det 1 , 



k^l 



IJ \ 1 fe = Z 

Hence the contribution to the rhs of ( j35|) from the term containing these determinants is 

e 2 e ^ r , ^ j ^ Arj¥ '""'" i( '^ ~ ^ 

r=1 ; =1 (*m - *[) 2 II, ^ ,. . (*F ~ 31 



EE 

r=l 1=1 



nr^r-*;) 



(II-II) The contribution to ( p5[ ) from the term which contains f2(7V — 1, Z, A, Z) (1 < Z < m — 1). 
We have 

iV-l _ ,-iV-l . m _ 2 TO" 1 ,-iV _ aN-1 



^-nci.-(V^-) n 



;JV-1 _ -N-l ■ 



The contribution to the rhs of (|3j) from the terms containing these determinants is 

lb- I |; m ^ ]_ 1 '/ ' 



(AN _AN-l\ m -2 (AN _ jN-l\2 Tl"i-1/-N-1 aN-U 



to — 2 1 
w _ ,-JV-i + Z^ -iv _ ' 



6 m 'm s= i l ra 1 

From (WOT) and (Ktlh the coefficient of £1 in the rhs of (B5|) is 



1 n m— 1 -, W — 2 777 , -I-T771— 1/- 

\ - _J rn- 2 x - 1 i V V r n s =i (* 

Z^ AN _ A 4 N _ Z^ -at _ ,.JV-1 + Z^ Z^ 



f . - 7 AN aN-1 1 -at .JV-1 1 C»JV _ at\2 Y\ m , CjT - 7 r ^ 

7 « m — «77l s = 1 l m — l S r=1 , =1 l J 777 '/J lIs^A'i 'sj 

„ 771-1 _ AT— 2 777 AT— 2 771 . T - T777 — 1 / -r 'A^ 

_ro-h3_ x - 2 \- \ - 1 \ V A r [[ s=1 (z, -z s ) 

,-iV _ + -AT _ -N~l + Z^2^AN_Ar + Z^2^ 



l m «m s=1 « m «s r=1 , =1 'm H r=1 , =1 

This coinsides with the coefficient of fi in the rhs of (|27 
(III): The coefficient of Of/ 1 for which I = {1, 2, to - 1}\{*} and J = {£}• 



*n 2 nr^w-^) 



(III-I) The contribution to ( p5|) from the term which contains fl(N — 1, Z, A, Z). 
It is obvious that detjj = for t — I. We have, for t ^ Z, 



777—1 

i 



det? J - (-ir +t+i i?i t n C; 



.... ri A 

(-1) 



777 + t+l l ? '7)7 ~ ^ t A^j ~ Z 777 J il S ^t \ l m L S I 

777-1 /. Af-1 aN-X\ 



(an _ ,-jv-int77-2 rr m ~V 

^777 '"7 j lis^; \"l ~ 

The contribution to the rhs of (5a) from the terms containing these determinants is 



(AN-1 -AN-^TT™- 1 ^ _aN-1\ 777- 1 , AT-l -N-Um-3 
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(III-II) The contribution from the term which contains £l(N — 1,1, N — 1,1) (1 < I < m — 1). 
If I ^ t then detfj = 0. We have, for I = t, 

j„ f 4 _/ i un+i+1 TT r* - f i\m+t+lH jm ^ TT 'in °s 

<K%j-( J-J 11 °s.s - \ J-J V ,"iV_,-JV-l ) 11 ,-iV-l _ -7V-1' 



The contribution to the rhs of (|35]) from the terms containing these determinants is 

V -1 ,) AW-l^f Z T " ' lls=l \h l s ) TT l m - *s 

,-JV-l _ ;N\2(;N _ ;*f-l\m-2 TT m ~^ f»N—l -N—X} 11 ,-JV-l _ 



\ L ) ( L t L m \ TT 'm 's / 4 o\ 

11 ,-jv-i _ -N-i ■ y^) 

Li. l/a 



"t 'm 'm '™ s j t 't 

Note that the second term of ( |43| ) is the I = t case of the summand of (f42[). 

(III-III) The contribution from the term which contains fl(N — 1,1, N — l,k) with 1 < k, I < m — 1 and 
k I. 

If k 7^ t then det 7J = 0. We have, for fc = t, 

m— 1 

det^ = {-l) m+t C l tl J] CL 

■N—l -N-1 „ o TT"' — 1 / -W „'iV-l\ -JV— 1 

/ ixm+Hlf j ^ m ~ 2 jUg ^L~_!f ] TT ** J 

1 j V SN_jN-l J n m-l/.JV-l ,JV-1% 11 --JV-1 _ 

The contribution to the rhs of (|3^) is 



(-rr+^v-i ngT(g - g^) nr^r 1 - O 



X 



x V { -i " m ' (44) 

/ , . \ . \ - I T-r m - ! , • \ - 1 ^N- 1 . ' ' 



fn-l fjN-1 _ .-jV-l\m-3 

l^Z l m ) 



In deriving ( (44[) we use 



which is a consequence oft ^ I. Note that the first term in (0) is the I = t case of the summand of i 
We add @, @,(@) and obtain 



(*m *t )(*m *™ )™ 2 s J t (*t 



k — ij 1L=i \ l t - l s) 



i N - i 



\r 1 — i J ; ^-t-B(N- l,t,t). (45) 



In deriving ( (45|) we use the identity 



(46) 
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The equation ( ff5| ) is nothing but the corresponding coefficient in the rhs of (]27|). 



(IV): The coefficient of Qff 1 with I = {1,2, ...,m- \}\{u} and J = {*}, u^i. 



(IVT) The contribution to ( |35| ) from the term which contains fl(N — 1, Z, A, I). 

If / = u then detjj = 0. We assume I =^ u. Then detfj = for t ^ I, since u-th and i-th rows are 
proportional. Thus we assume I = t. We have 



m— 1 

t 



det? J = (-l) u+m+1 ^ t J] C; 

- \ L > \ . N _-N-l J n m-l/.jV-l -N-U 11 .JV-1 •' 

The contribution to the rhs of (|3^) from the terms containing these determinants is 

aN_aN-1\ aN_aN-1 J n m-l r .AT-l -iV-ls 11 -JV-1 _ • ' 

(IV-II) The contribution to (|35| ) from the term which contains f2(JV — 1, Z, iV — 1, Z) with 1 < I < m — 1. 
HI then dct Ji7 = 0. We have, for / = t, 

m — 1 m — 1 

det 7J = (-l)» +m C* t J] CJ, - (-ir +m+1 Dl J] CL 
The contribution to the rhs of (|3^) from the terms containing these determinants is 

( _ 1)M+m+ i Ajv _ i( ^-i„^-i )m -3 nr^-^-m-^w^' 1 -^) 



l_ A \u+ m j N-l_ j N-l m ^2\\ m 7 1 (i N ~i N - 1 ) „ ,-JV-l _ 

, I 1 ) (H l m \ ils^u \ l m "js I TT K, J_ i .q\ 

r -N _ ,-JV-i V ,-JV_»A r -i J Ti^-if-N-i .jv-is 11 j-^- 1 - ;' ^ J 

Note that the second term of this equation is the minus of (pL7|). 

(IV-III) The contribution to ( p5| ) from the term which contains J7(A^— 1, Z, JV — 1, fe) with 1 < k, I < m— 1 
and k ^ I. 

If k then detjj = 0. We have, for k = t, 



,aN-1 :N-l sm -2 Y\ m 7 1 (i N - i N - x ) jN-1 



nm— 1 / •/ 

Here we understand C l u JC l uu = — 1 for u = l. This follows from the equation 



AT-1 



n 



C l aN_aN-1 11 -AT-1 _ • 
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The contribution to the rhs of ( pq ) is 

x V ^ m ' (49) 



Note that the / = t term of this equation is precisely the first term of 
Thus, using (f46|), we have 

(47) + © + © 

jv-i J+ 



(*m ~ it' - ^~ 1 )" 1 - 2 IL eJC .,*"-* (if -1 - i) 



x \ " i!i - ! m ; 



§ (e-'?- l )n 



jv _ .-Jv-ii rr" 1 - 1 ^-^- 1 _ i^- 1 



(i£ " if" 1 )^ ~ ^- X )(C ~ if -1 ) IW^- (if" 1 - i) 
which coinsides with the coefficient of 1 in the rhs of (p7|). 

(V): The coefficient of for which I = {1, 2, and J = {*}, r < iV — 1. 

(V-I) The contribution from the term which contains fi(r, I, A, i). 
If i = u then detjj = 0. We assume I ^ u. Then 



n^,i^- i ,if- i (if- 1 - i) nUi G s s „ 



J„ + 1 _ / ^u+m l m~ l l lls=£l\ l t 1 F r TT /tt 

ueu /J — I 1 ) . N -JV-1 TT C.-AT-l „-\ TT m O "* 11 s 



(-1) 



u-\-m m *j 



The contribution to the rhs of (51) is 



(V-II) The contribution from the term which contains 0(r, I, A, k) with k =/= I. 

If I ^= u then detjj = 0. In fact if further k u then fc-th, Z-th and u-th rows are proportional and if 
k = u then Z-th row is a null vector. Thus we assume I = u. Then 

■N _ r TT m (i 1 ^^ 1 — i r ) 1 m 

_ ( -t\u+m—l l m l u IIs^mV t s) 1 j^r TT (~tr 

aCT /J - I .JV— 1 TT :\TT m r»r w ll * 



f ^ nr^f-^m-^w^) 



/ yu-\-m- I ' ; 
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The contribution to the rhs of (Bq) is 



m /-N-l 



{ _ ir+m - l Ar l\™ a (i 



i r s)U 



-3) 



(i 



iV 



■JV\ 



(51) 



Note that the k = u term of this equation is equal to the minus of the I — u term in ( |50| ) . 

(V-III) The contribution from the term which contains f2(r, I, N — 1, k). 

If k 7^ t, detjj = 0. We assume k = t. Then detjj = for Z 7^ u, since Z-th and u-th rows are 
proportional. Thus we assume I = u. Then 

deti 7 = (-1)-+™. 

The contribution to the rhs of (|3^) is 



n 



-1 (i 



JV-l 



S(r, u,i) 
B(r,u,t) 



J) 



HI 



L )n 



B(r,u,t), 



where we have used 



(*m im ) (*m *w)(*m *m ) (*u *m ) (*m *m ) 



Note that the first term of (52) is nothing but the coefficient of fl r jj in (|27|). 
Let us calculate @ + ©. We have 

(50) + © 



(-i)" + "M,,nr^( 



•JV-l 



*s) n.j0A».,j#i^(i« 3) 



N 



■N-l 



•jv— 1 -iv — 1 



(i 



JV-l 



-•JV-l 



„-JV-l 



3) 



JV-l 



■)n^(i[-i?) 



By the residue theorem 



(52) 



nr=7(if-if) 



m-lr-N 



nr=7( 



*T)n^(iF 

,-JV\ 



m—lr -JV— 1 



(zf- 1 



,-JV - 



nr=i(i 



AT 



)IL=i0t 



L )nr=i(i r fe -if) 



^(^-^(if^-ipnr^-^) 

__ (*m — *m ) Ils=l (*ra ~ *s ) . (*t 



,-JV-l 



m— 1 / -JV-l 



)n™7( 



if) 



(i 



jv— 1 
t 



;JV 



JV 



(i 



JV 



•JV-l 



)nr=i(i 



JV-l 



24 



Hence 



(50) + ()5J 

(-l)"+"M r Us^ii?- 1 - i r s ) U^A rM g - 3) 

k - c-'m - it^m^N^^t- 1 -!) x 

l rn l u lls=l V l m l s i . L u H 1 l s =l \ l t l s I 



■N-X TT m (AN „ Ar) 1 Ar _ ,-JV-l n m c -JV-l 



, -, -A -h r \ -A ---J ,. ■ \ • A - J . -r-r flN-l .^B(r,U,t). 

(««-*m )(C-*m A l m-h JIlje/CjVif-H** -JJ 

This is the minus of the second term of (^2|). Hence 

(50) + @ + © = the first term of (§|) 
which is equal to the coefficient of fl r jj in (p7|). 

(VI): The coefficient of ft^/ 1 for which 7 n J = 0, |7| > 1 and |J| > 2. 

Let us set 7 = {pi < • • • < p u } and J = {gi < ••• <<?*}, u,t < m — 1, w + £ = m — 1. 

(VI-I) The contribution from the term which contains fl(N — 1, Z, A, Z). 
If I then detjj = 0. We assume I € I. We have 

det 3 u = sgn- J] C l ss Y[D l ss 

sti\{i} se.J 

(A^-l _ aN-X\u-X(aN _ ,-JV-l-vt aN _aN-X aN-X _ aN-X 

_ \H f m i k^m f i J TT f m f s TT V l s 

~ 8 ftiV _ ,-JV-l\ TO _ 2 11 aN-X _ aN-1 11 aN-X _ aN-1 ' 

where sgn = sgn(pi, • • • ,p u , q\, ■ ■ ■ , qt) is the sign of the permutation. The contribution to the rhs of ( |35"| ) 
is 

ilsgiASn f s ) llseJ\ L m l s ) \ ^ \ l l _ l m ) \ l m _ l l ) /ro\ 

g (an _ AN-x\ m - 2 n" 1-1 ^- 1 i N ~ l ~\ ' [ ' 

(VI-II) The contribution from the term which contains Q(N — 1, Z, N — 1, Z) with 1 < Z < to — 1. 
If 2 g J, det| 7 = 0. We assume Z €E J. We have 

det^ = Sgn-HCL II D *s 

s£l s£.J\{l} 

(aN-X _ aN-X\u(aN _ jN-l\t-l aN _ ,-JV-l -N-X _ { N-X 

_ \H 'm )_ \ l m l l ) TT l m L s TT L _ra l s 

~ b & n ' f JV _ jv-1w_2 11 ,-JV-l -JV-1 11 -N-X _ -N-X' 

\}m z ™ J ae / h l s se j\{i} h ls 

The contribution to the rhs of (|3^) is 

5 C,-JV _ AN-X\ m -2 



X 



b nr^^r 1 -^- 1 ) 2 

TT f,-JV_,-/V-l' ) TT (aN-X_aN-X\ (aN-X _aN-X\u-X(aN _AN-Xst-2 

Vrn l m ) leJ lls^l \ l l ~ ls I 



25 



Note that the sum of the second term of this equation and (|53|) is zero by the residue theorem and the 
conditions u > 1, t > 2. 

(VI-III) The contribution from the term which contains fl(N —l,l,N—l, k) with 1 < k, I < m— 1, k ^ I. 
If k ^ J then detjj = 0. We assume k £ J. 

(VI-III-I) I S / case. 
We have 

detjj = sgn-Clt J] C l ss J] D' ss 
sei\{i} s£j\{k} 

\ l l l m ) \ l rn l l ) llse/\{i}^m l s ) 1 1st J\{k\ \ l m l s ) 

= sgn 



(iX-^IE 1 ^" 1 -^ 1 ) 



n 



The contribution to the rhs of (|3^) is 

I'm z ™ I i eI lls^l \ l l - *s ) 

E n m-l/.iV-l _ -ATx 
r,-^-i _ ,'jv^ n m c,- JV - l _,- iV -i\" v ; 

(VI-III-II) I G J case. 
We have 

det^ = -Bgn.DkJJCJ, J] D - 

s£i sej\{fc,i} 

= —sgn 



(^-^->- 2 nr^ 1 (^r 1 -^- 1 ) 



n 



„iV-l 
*7 -J 



The contribution to the rhs of is 



gI1 _ ,-iV-l\ m -2 



m-X/.iV-l -iV-l> 



\ L m <"m ) leJ lls^i {I 

If we set k = I in this equation, then it is equal to the first term of ([si]). 
Thus we have 



(53) + (|5J + (|5J + £ 



X/ C^JV-l _ -,\ , 1 ['» , -A i _ \ . 

fcgj l*fc l m) lls^k\ l k %s > 



2G 



by applying the residue theorem to the summation in 



(VII): The coefficient of fif/ 1 for which \I n J\ = 1, | J\ > 2. 

We set / = {pi < ■ ■ ■ < p u }, J = {qi < ■ ■ ■ < q t } (u + 1 = m - 1) and In J = {k}. 
(VII-I) The contribution from the term which contains fl(N — 1, 1, A, I). 

If k ^ I then detjj = 0. In fact if A: ^ I, either the l-th row is a null vector or there exists a 
row proportional to the l-th row. We assume I = k. Let us define v,w,y by p v — q w = I, I U J = 
{1, 2, • • • , m — l}\{y}. Then we have 

detf J = S gn-D l yl J] C l sa J] D l ss 
sei\{l\ sej\{i} 

(aN-X _ aN-1\u(aN _ jN-l\tT7 (aN_aN-1}T7 (-N-1 _ aN-1\ 

— sgn • 



n 



-I 

aN-1 



■N-l •' 



where sgn = sgn(pi, • • • ,p u , qi, ■ ■ ■ , y, ■ ■ ■ , qt), y being on the place of q w . The contribution to the rhs of 
©is 

— *m 1 ) U 1 (^m~ )' lissom — ^ 1 )Y[ S £j('^m 1 ~ ^ 

" sgn (c-^r-'iiT^^- 1 -^ 1 ) 

aN-1 _ • 

x n (^) 

(VII-II) The contribution from the term which contains Q,(N — 1, l,N — 1, 1) with 1 < I < m — 1. 

Ifk^l then det/j = by the same reason as (VII-I). We assume I = k. Let us define v,w,y as in 
(VII-I). We have 

detjj = -sgn-C l yl J] C l ss J] D l ss 

s£l\{l} s£j\{l} 

= sgn-D l yl ft C l ss ft D l ss 
sei\{i} s<£j\{i} 

which is same as detjj in (VII-I). The contribution to the rhs of ( |35| ) is 

A (iN-l ■N-l\u-2{-N „-iV-l\t-3 
An ~ % m ) \ l m- l k > 

—sgn - tt z - x 

(jN _ AN-l\ m -2 
\ l rn f m ) 

x rcr^r 1 - e) ru(^ - e- 1 ) ru a^- 1 it 1 ) ^ it 1 - 



-. / 5 ' //J ' .- / lisG j(*m 



-sgn • 



(it 1 C-'r-Htt - it")'- 2 UseAC ~ it 1 ) IlseA^- 1 ^ 



AN-1 _ 

The second term of this equation is equal to the minus of ([57|) . 
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(VII-III) The contribution from the term which contains Q(N — 1,1, N — 1, k) with 1 < k, I < m — 1, 
k^l. 

If k ^ k then det^j = 0. In fact if k ^ fc then fc-th column in the right matrix and that in the left matrix 
are proportional. We assume k = k. Let us define v, w, y by p v = q w = k, I U J = {1, 2, • • • , m — l}\{y}. 

(VH-III-I) I e I case. 
We have 

detjj = -sga-C l yl J] C l sa J] D l ss 

s€l\{l} s£j\{k] 



(i N ~ l - aN-1\u(aN _ jN-l\t TT (aN _ aN-X\ TT (aN-1 aN-1 



sgn • 



s€l\{l}\ 'm l s ) li s eJ\{k}\ l m 



N-U m -2Vf m - 1 (A N - 1 - S*- 1 



n 



The contribution to the rhs of (pq) is 



X 2^ T^m-\,.N-\ Jf^U ^ 9 <> 



(VII-III-II) I e J case. 
We have 

detjj = -sgn.^n^L n D s 

sei seJ\{k,l} 

•N-i _ -n-i\u(4N _ jN-i ,/- 1. rr / ; a _ ,-.\ - 1 , rr - 1 _ i 

sgn 



i" * _ aN-1\u(aN _ ,-JV-l\t-l T-r / -JV _ -JV-1\TT / -JV-1 -JV-n 



(*m-*^~ 1 ) Tn_3 n^7 1 ( i i v ~ :l 



n 



•JV-l 



The contribution to the rhs of (|3^) is 

. ILe/\{fc}(*m ~ *f l ) ILe./\{fc}(*m 1 - 1 ) IlfgAjv-i (*!/ 1 ~ 

(,••^-1 _ jN-l\v-t(AN _ AN-Ut-2 

x 2^ rf-i^-i.^-i) ■ [W) 



Note that the first term of (58) is equal to the I = k term of (|60| 

(VII-III-III) I = y case. 
We have 



det 4 7J = Sgn-JJCL J] D 

s&I s£j\{k} 



(aN-1 _ aN-1\u(aN _ ,-if-lU-ln (aN _ aN-1\ tt (aN-1 _ aN-1\ 

\ l l l m ) \ l m l l ) llsel\ l m l s ) 1 LsE J\{k} \ l m l s J 

sgn («-^- 1 ) m - 2 n^7 1 (ir 1 -^- 1 ) 
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The contribution to the rhs of (|3^) is 



sgn • Aat_i 

•A-l _ 

y "m I \"m "y 



(jN-l _ jN-l\u-l(,-N _ ;N-l\t~2 
\ L y l m I \ l m l y 

m-1 -N-l -N-l\ 



Im-l/.JV-i -JV-i 

This equation coinsides with that obtained from ([59]) or ( |60| ) by setting I = y. 
Now we have 

(57) + (§D + © + © + © 



(61) 



= sgn • Ajv-i 



m-1 /-JV-1 •JV-l-vu-l/'JV -iV-lU-2 



rn^r 1 -^- 1 ) 

= 0. 

The last equality follows from the residue theorem. 
(VIII): The coefficient of fif/ 1 for which \I (1 J\ > 2. 

(VIII-I) The contribution from the term which contains fl(N — 1, 1, A, I) is zero. 
In fact detjj = since at least one pair of common column is linearly dependent. 

(VIII-II) The contribution from the term which contains il(N — 1, 1, N — 1, 1) with 1 < I < m — 1 is zero 
by the same reason as (VIII-I). 

(VIII-III) The contribution from the term which contains Q(N — 1, 1, N — 1, k) with 1 < k, I < m — 1, 

J kl — ^kl 

column is linearly dependent. Hence det|j = 0. 



k 7^ I is zero by the following reason. Since CL — —D l kl for k ^ I, the common column except A:-th 



As a whole the coefficient of ilfj 1 in the rhs of ( |35| ) is zero. 



(IX): The coefficient of for which |J| > 2. 

Let us set I = {pi < ■ ■ ■ < p u }, J = {q x < ■ ■ ■ < q t }, I = {1, 2, • • • , m}\I = {pi < • • • < p*} with 
u + t = m. 

(IX-I) The contribution from the term which contains f2(r, I, A, I). 
Elgl, dct)j = 0. We assume I e I. Then 



deth = (-l)^+^+^l[G r s det(F Piqi )( 



N — i r \ t Ei 



sei 



tijUu ( 



where sgn = (_l)Eft+l«(«+ 1 )+ 3 *(*+*), G r (7) = FUj^S and 

- f-l)i t(t+1) detfF- ) - H°<^° ~ ^) n a <^(^ Q ~ 1 ~ 

llse/lls'eJvs l s 



ye. 



jH.jjn»,iZ-\i"- 1 ( i y 
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The contribution to the rhs of (|3^) is 



sgn • A r EjD 



i.j 



(i 



N 



(c-»rr 2 nr = 7(»F-e) 

(ir-iSjn.ej^ -1 -*!)' 



(62) 



(IX-II) The contribution from the term which contains fi(r, Z, A, k) with 7^ Z. 

If Z € J or k <j£ I then det} 7 = 0. In fact if Z 6 I then Z-th column in the left matrix is a null vector 
and if k ^ J then Z-tli row is a null vector. We assume Z I and k £ I. Let us set I = {pi < • • • < pt} = 
I\{1} U {fc} and p* = _Pi(pi 7^ I), P* — k(pi = I). Let us define v, w by p v = k, p w -i < I < p w - Then 

r .Y^+iuiu+p-i Ej / y det(F p .,.) g 

_ EjDij ( \* 1 nj0A r! ^K-i)n se i\ W K-€) 

where we use 



det(i^.) = -idet(f p ; w ). 
The contribution to the rhs of pq) is 



If we set fe = / in this equation then it equals to the minus of (p2[). 

(IX-III) The contribution from the term which contains Q(r, l,N — 1, k). 

If Z € J or ^ J, detjj = 0. In fact if Z € 7 then Z-th column in the left matrix is zero and if k ^ J 
then Z-th row is zero. We assume Z € I and k € J. We define t>, w here by g u = Zc and p w < I < p w +i- 
We note that 

<Z} = Z-l-w, (t{s|g s < k} = v - 1. 

Using these relations we have 

det 2 ( urn+^+v+i-v+vf C-jj V- 1 E ^T^,c- 1 ,if!- 1 ^- 1 -j) 



sgn 



TTG; det (F Pigj ) 



n se /\/a(* 



n«e/\{2}(*I *s) rise,7\{fe}(*fc 



iV-1 ;N-X\ 



Is 



(64) 
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The contribution to the rhs of (|3Jj) is 



xV rEMl^O 

Bga-EjDu v-. (»m-*r) t_:l IK / ./: :: '- 



,-JV-l\ 



(-l)*sgn • A r EjDjj ^ nTi 1 ^ _1 - ^) 



- i^- 1 ) n^/^- 1 - ii) ttj (i™ - if- 1 ) ru^r 1 - ^) n. eA {fc}( i * r_1 - if -1 ) 



sgn-Sj^n^jK-^) 



g-(j)(^ - i^-i) n seJ (iN - $ -i) n^- 1 - s) ' 

In deriving the last equation we use 



(65) 



(AN _ -TU-2 /,-JV _ {N-X\t-2 
I'm H I _ \ l m 'm j j-gg^ 

ie j (*[ — *™ ) ri s ef\{/}(i[ ~ iS) rise/(*«i ~ *») 

ys ILg/\{i}(is ~ if 1 ) _ ILg/\{;}K ~ if) 

fce j (if - *fe ) ILe./\{fc}(*fc _ ^ ) ILeJ^f ) 

Let us name the first and the second term of ([35]) Z and W respectively. 
Now we have 

(62) + © + © 



k - *f -^^co ^ n^(*T - ^) ru^f -1 - iP 

y (if ~ i[ 

/6/ 



sgn • KE&u ^ (i* - 



G'(l)(i£ - z™' 1 )' ^ (i[ - i^" 1 ) n-eAW^f - iS) 



E(*fc *m (ife if) y n - 

( 7 N_ 7 r ]rf P — + Z + W - 



^ (if _ ife) rise(/u{;})\{fe}(ife _ *a) ILejC* 8 1 ~ *fe) 



Let us name the fisrt and the second term of this equation X and Y respectively. We shall rewrite X 
and Y. Using 

(*m - *n 4 - 2 nr^r - if) \- - if- 1 ) 4 - 2 nr^r 1 - if) 



we have 



Using 



^ nr^ - ^) n seJ (if - 1 - »t) & nr^r 1 - is) iuwW' 1 - ^ 



(i™ - i^ 1 )^^/) ^ rr^r 1 - is) n,,,,,^ 1 - ^ 



;gj ll s =lVj 6 s; llseJ\{/} V's 



/c G ^{;} (*m ifc) ri s e(/u{;})\{fe}(**; iS)ri s ej(if 1 ife) 
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(*m *m ) Ils=l (*m *s ) 



f)n se z(^-^)n s6J (^ ] 



•JV— 1 -at-in -r-rm-l/.Ar-i 



mm—Xf-i 
s=l V*fe 



we have 

y = sgn ■ A r E jDlJ UTJiiC ~ ff) V (C ~ ^ 



sgn ■ ArEjDu ^ (g - 



(*m " if' 1 ) ILei^ -1 - IU A W (tf" 1 - tf" 1 ) ' 



Using further (|66| ) and 

I'm 



E 



f:/ (ir-^~ 1 )(<*~ 1 -<F)n. e A{j}(<F-»'s) 

I'm 'm ) | I'm 'fc J 



^f- 1 - 2m- 1 ) n. e / - •*) (*r x - iL S f c^ -1 " <D 

we have Y = -W - Z - X. Thus 

(62) + H) + © = 0. (67) 
This completes the proof of (1) of Theorem [j]. 

3.8 Proof of (2) of Theorem 1 

Let us prove the remaining part of Theorem Let {Eij} be the standard basis of gljy where Eij is 
the matrix unit with 1 in ij component. Set hi — En — £?j_|_ii+i (1 < i < N — 1). By the definition of 
/ = 2 /a^a it has weight zero, hif = for any i. Hence it is sufficient to prove Eijf = for any i j. 
First we assume TV > 3. Then it is sufficient to prove 

E rN f = 0, r = l,-..,N-2. (68) 

In fact by the following reason the proof for an arbitrary E^ case is reduced to the above case. In our 
description of our basis of differential forms the index N and N — 1 play a special role. For E^ we replace 
the role of N by j and that of N — 1 by k with k ^ This is possible because N > 3. Then the 
following proof is totally the same in this modified situation. Thus let us prove d6§|). 

Let A = (Ai, • • • , A N ) with Aj = (%{,'•■ , P m ) (1 < j < m). We consider A' = (A' l5 • • • , A' N ) with 

A^A^j^iV), A' r = A' N = (i^,...,i^ 1 ). 

Define v\> in an obvious way. Then the coefficient of v&i of E t n f is 

m 



Hence it is sufficient to prove 



/a + E4(^)= - (69) 
z=i 
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We shall devide the case into two for the proof of ( p9| ) 
(i): The coefficient of £1 = ( ^ • • • .n-i ) of the left hand side of (|69| 



In (II) of the proof of (1) of Theorem [l] we have calculated the coefficient of Q 

n t<u (A t A„) ^-.jW'' 

From the calculation there we can easily read off the coefficient of fl in 

a^ 1 . . . ■i N - 1 )- 1 m 



IL<u( A t A -, ,_j 



It is 



l=1 "m "l lls^iV'i 

Thus the coefficient of O in the lhs of (|6^) is 0, since 

n t <„(A t A u ) 



/a = n. 



(ii): The coefficient of n}j with | J\ > 1 in the lhs of (|9| 
In (IX) we have proved that the coefficient of Wjj in 



• • • , i m -i 



N—i\-i m 



is zero. There the condition |J| > 2 is used only when the residue theorem is applied. Taking care of it 
we can again easily read off the coefficient of ft r jj of 

n t<u (A,A u ) £W> 



from the calculation in (IX). We used the notation fl62|), (|63|), (|65|), X, Y~ to denote the equation apeared 
there. We shall use the prime of them for the corresponding equation like (62)', X' etc. Then 



i-ifsgn- A r E jDlJ ^ nri 1 ^- 1 -^) 



~~ ^r/Fm _/ , „- JV - 1 ;r\ 2—i fAN aN-1\ti Ar\Tl f„--N-l .'JV-1> 



W = 
Also we have 



c(/) iLe/Cc- 1 - ^ k - ^r 1 ) rw*r 1 - iLeW* 



iLsjW - tf- 1 ) iw - i;) ' 



and 



y/= sgn-^^n^-K-^) 
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(-l^sgn • ArEjDu y, Ilt'i^- 1 - if) 



sgn • A r EjDjj „ - z^ 1 )*- 1 mr^^- 1 - iN 



(*m - « W) £ rSip - ii) iwf 1 - if 31 ) 

: — W' - Z' - X'. (70) 

(62)' + ©' + (§§)' = Z' + IV' + X' + Y" = 0. 



Hence 



Thus the equation (|69|) is proved. 

In the N — 2 case we can similarly read off easily the coefficient of 

from (I), (II), (III), (IV), (VI), (VII), (VIII) in the proof of (1) of Theorem |. They are all zero as we 
expect. 



4 Discussion 

In this paper we give integral and theta formulae for the solutions of sIn Knizhnik-Zamolodchikov (KZ) 
equations of level with the value in the trivial representation in the tensor product of the vector 
representations of sljy. The formula generalizes the Smirnov's formula in the case of sl%. We have found 
that the differential form /i^ , which is a building block of the integral formula, is obtained by evaluating 
one of the variables to the branch point Q p in the product of chiral Szcgo kernels. This is a key for the 
proof of the theta formula. 

Let us discuss remaining problems and related subjects. 

In N — 2 case it is conjectured that Smirnov type solutions span the singlet solution space ]Tt| . 
On the other hand the dimension of the vector space spanned by our integral formulae is less than the 
multiplicity of the trivial representation in y® Nm for N > 3 and m > 2. In fact the multiplicity is given 

by 

mult(0, V*"") = N , {N T )[ • 

IL=o Uj=o {m + k-j) 

On the other hand the dimension D(N,m) of the vector space spanned by integral formulae satisfies 

D(N,rn)<I { N, m) = ( i /_ m 1 - m 2 _ 1 

where the right hand side is the binomial coefficient. The number Nm—2 is the dimension of an eigenspace 
of the V-cyclic automorphism on the first homology group of a Zjq curve. Then 

mult(0, V® N ™) = N - ± ^ Yj 2 (N - l)(m - 1 - j) + k 

l(N,m) N — 1 H 11 m -j + k 1 ' 

v ' ; k=l j=o ■' 

Since 

N-Z 

(N - l)(m - 1 - j) + fc - (m - j + k) = (N - 2)(m - 2 - j + j^), 
if) is greater than 1 if N > 3 and m > 2. Note that mult(0, V® N ) = I(N, 1) = 1. For N = 2 we have 

mult(0,V® 2m )=I(2,m)-( 2 ™- 3 2 
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where the second term in the right hand side comes from the Riemann's bilinear identity |Tq ]. 

This structure of solution space should be same in the qKZ case. To construct remaining solutions 
for both KZ and qKZ equations is an interesting and important problem. In the qKZ case to study a 
relation of these missing solutions with form factors is also interesting. 

We still do not understand the relation between the integral formula given here and those given in 
§ [l(], |fi) in the case of sIn, N > 3. In N — 2 case the relation is given in H. If we understand this 
structure then it will help to find the missing solution discussed above. 

The relation of the solution to the KZ equation of level with a classical integrable system is still to 
be clarified. The relation with the Szego kernel will give some hint to understand this problem since the 
Szego kernel is related with the tau function of the KP hierarchy. Anyway it is true that we can introduce 
a Jacobian variable in the theta formula for the solutions to the KZ equation. Hence it is natural to ask 
what kind of equation governs the dependence on the Jacobian variables and what the zero value means 
for that equation. 

Once we introduce the Jacobian variable we can ask what is the difference analogue, q analogue of 
the theta function? As to the abelian integral, Smirnov jl6], [ItJ discussed its difference analogue. 

Since the Smirnov type formula is related with the algebraic curves in the case of sIn, it is interesting 
to study Smirnov type solutions for other type of Lie algebras and whether they are related with algebraic 
curves. 

The determinantal structure of Smirnov type solution is still lacking an understanding from the 
representation theoretical view point. 
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A Appendix 1 



In this section we give a derivation of the formula (EG)- (24). We recall the definition of 



A\ g^(p)g ( £(z)dz 



where as in the main text z — p means z — \ p and g^ Ar \p) means g^ Ar ^{X p ) etc. 
(I) . a derivation of the formula (EC 



d (k\ 1 /A\ 1 g^{p)g < fHz)dz 



By differentiating the defining formula of ( j we have 



(72) 



d\»\pj P-C\PJ N(z-p)(z-C)s 

'A\ 1 1 g^)(p ) g W(z)dz 
N'i» L -p\p) + Ni^-p (z 



(1 " ^ ] ^~p G) " ^^~ P . k^i {&) • (74) 
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Here to obtain (F3|) from (f72]) we use 



(z-p)(z-C) i^-p 
and to get (M) from ([73]) we use 



z — p z — i 



N 



(vi N 1 



n 



UK, 3^ %m J 



(II) . a derivation of the formula ( pi] ) 
Since 



we have 



A 



(z - i[)s 
ff (Ar) W)ffP r,) (^) 



^7 ^_ 



where we set 



Hence 



AN _ jr 



dz. 



9z i {*)= n t z -fi- 



1 



If we set r = N — 1 and /' = m in this equation we get 



A 



Now let F(z) be an arbitrary polynomial of degree at most m — 2 then 

F(i 



A 

N-l 



;N-1 
'm 

■N-l 



m = E 



N-l -N-l\ 



m-l/.JV-i 



fe=l 1 Is^fe I'fc 



•JV-lN "An-i 



r 



\z). 



Thus we have 



- dz — — — ; - — : — — : dz. 



jm-lf A N-l _ -N-l\ 



(75) 



(76) 



(77) 



_ , T-rm— 1 / ■ 

k=l Llsjtk 

Substitutuing tffify and @ into @ we get @. The relation @ is a special case r = TV - 1 of (|| 



(78) 
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(III). Here we prove the formula 



e n 



■N 



3 fA 



J Vi 



(79) 



For the sake of simplicity we set i r j = i( r -i) m +j- By Proposition^ we have 

'A\ f A" 



] = [c 1 (A) ,--,cr^ 



(A)i 



where A is the L by L matrix whose kl component Aki is given by Aki = \ t ■ Let dki be the kl cofactor 
of A. Then we have 



Again by Proposition || 



(A) 



det A ' V 



fe=l 3=1 fc=l 



A 



Using the expansion of the Vandermond determinant in a column we have 



(80) 



1 



det A 



^^^dkj - n 



fc=l 



. 1j Is 

Sytj 



Substitutibg (|l|) into (§(]) we have @. 

The relation ( p4| ) is proved in an exactly similar manner. 

(IX) . a derivation of the formula ( p3| ) : 
The derivation is similar to (II). We have 



a 



dz 



9aI (O 



(81) 



(82) 



Since the polynomial in [ ] is devided by z — we can define the polynomial G (z) by 



G rl {z) 



z — i 



N 



9aI K) 



Then 



m-l/.JV-l -N 



n™7( 



WV-1 _ - N 



m-1 .jv _ ,-iV m ,-JV-l _ 



n 



=i ^ 



;JV-1 _ -at 



n 

s^l 



Using @, @ and @ we have, from @, 



m— 1 



fc=l 



n 



,-iV-l 



,jv-i "fc 



Substituting @ into Q we have (I 



m- 1 -JV 

i-n 



m .jv-1 _ - r 

1>L, a 



s=l 'fc 



AT-1 _ -jv 



n 



.•JV 



A 

,-JV-l 

'fc 



;iV-l 
'm 

•iV-l 



(83) 



(84) 
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